The Compact Linear Collider (CLIC) is a concept for a next-generation accelerator at CERN, colliding electrons and positrons at energies up to several TeV. One of the main goals at the initial CLIC running stage is the measurement of the top-quark mass and width in a scan of the beam energy through the pair production threshold. However, the shape of the threshold cross section depends not only on the top-quark mass but also on other model parameters as the top-quark width, top Yukawa coupling and the strong coupling constant.
INTRODUCTION
The research programs of the future linear e + e − colliders include a wide range of measurements related to top quark. Precise measurement of the top-quark mass is of particular importance, as it is essential for the understanding of the Higgs mechanism, electroweak symmetry breaking and for constraining many "new physics" scenarios. Both the International Linear Collider (ILC) 1 and the Compact Linear Collider (CLIC) 2, 3 are expected to provide an opportunity to extract the top-quark mass from the measurement of the tt pair-production threshold around √ s = 350 GeV. Detailed simulation studies were performed for ILC 4 and CLIC 5 showing that with cross section measurements at 10 different values of collision energy, each with 10 fb −1 of data, a statistical accuracy of the order of 20 MeV can be obtained on the top-quark mass. However, the shape of the threshold cross section is also sensitive to other model parameters: the top-quark width, its Yukawa coupling and the strong coupling constant. Uncertainties on these parameters together with systematic effects were shown to result in the total expected uncertainty on the top-quark mass of the order of 50 MeV. 6 However, only the two-parameter fits to the threshold scan data were considered in this study.
Discussed in this contribution is the more general approach to the top-quark mass measurement at the threshold based on the simultaneous fit of all model parameters and the normalisation, taking also the possible constraints from earlier measurements into account. We examine constraints on the data normalisation, the strong coupling constant and the top Yukawa coupling required to extract the top-quark mass with the statistical precision of the order of 30 MeV. Further improvement of the measurement should be possible by optimizing the threshold scan scenario. 7 Although the study was carried out in the framework of the CLICdp Collaboration presented results are more general and should apply to possible measurement at ILC as well.
REFERENCE SCENARIO
The first stage of CLIC will allow an energy of 380 GeV to be reached, giving access to most Higgs boson and top quark measurements. 8 In the first CLIC running stage with 1 ab −1 of total integrated luminosity, 9 a dedicated scan of 100 fb −1 is planned at the tt threshold. The baseline scenario of the threshold scan, considered for both ILC and CLIC, assumes running at 10 equidistant energy points taking 10 fb −1 of data for each value of √ s. Example of such a measurement is presented in Fig. 1 . The solid curve represents the theoretical cross section predictions including the effects of the initial state radiation (ISR) and the CLIC luminosity spectra. For the presented study the "Low Charge" luminosity spectrum optimised for the threshold scan was used. 6 Large sets of simulated measurement (pseudo-data) were generated taking into account the expected statistical uncertainties of the data points. The overall top-pair event reconstruction efficiency of 70.2%, including the relevant branching fractions, was assumed, 5 and the background contribution remaining after the event selection procedure corresponding to the cross section of 73 fb. 
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FIT METHOD
To calculate the cross section templates the program QQbar_threshold, 10 taking into account NNNLO QCD calculations 11 and other corrections [12] [13] [14] was used. The templates were generated for different values of the top-quark mass * , m t , top-quark width, Γ t , top Yukawa coupling (relative to the SM value), y t , and of the strong coupling constant, α s . Independent variations of all parameters were considered around the nominal values ofm t = 171.5 GeV,Γ t = 1.37 GeV,ỹ t = 1 andα s (M 2 Z ) = 0.1185. These templates are used to fit the parameter values to the simulated measurement results. For estimate of the theoretical uncertainties, we vary the renormalisation scale, µ, used in the cross section calculations, between 60 GeV and 120 GeV (the nominal value isμ = 80 GeV). We also assume 2% uncertainty on the expected background cross contribution. For a proper estimate of systematic effects, the corresponding variations were only applied in the pseudo-data generation and not in the fit.
For each generated pseudo-data set and each considered cross section template the χ 2 value is calculated from the formula
where m i and σ i are the measured cross section values with their statistical uncertainties, µ i ( p) denotes the template cross section values for corresponding collision energies and given parameter set p = (m t , Γ t , α s , y 2 t ),
and α is the template normalisation factor. The second term in the χ 2 formula corresponds to the normalisation constraint, where we consider different values of the relative normalisation uncertainty ∆. The normalisation factor α can be evaluated for each template separately, by solving the minimisation condition ∂χ 2 ∂α = 0. The third term represents possible constraints on the model parameters p j resulting from the earlier measurements with uncertainty σ pj . In this study, we consider possible external constraints for α s and y t only.
The values of the top-quark mass and other parameters can then be extracted from the fit of the polynomial χ 2 dependence on the components of p
where χ 2 α is the χ 2 value minimised w.r.t. normalisation factor α, N is the number of considered model parameters and i, j are parameter indexes (i, j = 1 . . . N ). A i,j is the symmetric matrix of coefficients of N-dimensional parabola. To simplify the formula, we define p 0 ≡ 1 (the linear part is thus given by 2A 0,j p j and the constant part is A 0,0 ). The values of parameters A 0,0 , . . . , A n,n are found by solving a set of linear equations, when we use χ 2 α values calculated for different parameter sets p as input. The fitted values of A 0,0 , . . . , A n,n are then used to extract the parameter values minimising the χ 2 α ( p), their expected uncertainties and correlation coefficients. Results of the two parameter fit (top-quark mass and width) to about 4000 pseudo-data sets simulated for the reference threshold scan scenario (see Fig. 1 ) are presented in Fig. 2 . The distribution of fit results is well described by the 2-D Gaussian profile; results of the profile fit to the data are indicated by the one, two and five sigma contours † in Fig. 2 .
CLICdp preliminary Figure 2 . Results of the two-parameter fits to the top threshold scan, for sets of pseudo-data generated for nominal parameter values,mt = 171.5 GeV andΓt = 1.37 GeV. One, two and five sigma contours represent the 2-D gaussian distribution fitted to the presented results.
VALIDATION
To ensure that our fit algorithm gives proper results we repeated the fit procedure for sets of pseudo-data generated with non-standard templates. Shown in Fig. 3 are the distributions of the fitted top-quark mass from the two-parameter fit (2D) and the fitted top Yukawa coupling parameter from the four-parameter fit (4D), for the pseudo-data sets generated using cross-section templates with different values of these parameters. For both the top-quark mass and Yukawa coupling variations, fit results follow very closely the input parameter values. Fig. 4 are the distributions of the top-quark mass uncertainty and the top-quark width uncertainty, resulting from the two-parameter fits to a large set of pseudo-data generated with a nominal template. These uncertainties are calculated from the parameter covariance matrix, based on coefficients of the polynomial χ 2 parameterisation described by Eq. 2. In the ideal case they should match the Gaussian widths of the parameter distributions. For the considered 2-D fit configuration (top-quark mass vs top-quark width, see Fig. 2 ), fits to the marginalized parameter distributions result in σ mt =21 MeV and σ Γt =54 MeV. These uncertainties are in a very good agreement with results of the previous study. 6 The uncertainties estimated from the covariance matrix of the fit tend to be systematically lower, which can most likely be attributed to the assumed shape of the χ 2 function, neglecting the possible higher-order terms. Still, we can conclude that our fit method reproduced nicely the input parameter values and gives realistic uncertainty estimates.
Shown in
CLICdp preliminary
CLICdp preliminary Figure 4 . Distributions of the top-quark mass uncertainty (left) and the top-quark width uncertainty (right), from the two-parameter fits to a set of pseudo-data generated from the nominal template.
RESULTS
As mentioned above, all studies presented so far considered at most two-parameter fits to the threshold scan data. Our approach, thanks to its simple, semi-analytical form, allows us to perform fits with more free model parameters. Moreover, we can add additional constraints on the selected parameters to make the fit reflect the expected experimental situation better. The constraint that clearly influences the fit results is the assumed uncertainty on the data normalisation ‡ , ∆ (see Eq. 1). This influence is clearly visible in Fig. 5 , which shows the expected statistical precision of the top-quark mass determination as a function of the normalisation uncertainty. Four different fit configurations are considered: two-dimensional fit of mass and width (2D), fit of mass, width and strong coupling (3D alpha), fit of mass, width and Yukawa coupling (3D Yukawa), and the simultaneous fit of the top-quark mass, width, strong coupling and Yukawa coupling (4D). Please note that normalisation is always fitted as an additional parameter, as described in Sec. 3. To allow for the most precise top-quark mass determination, the overall normalisation of the data (and theory) has to be known on sub-percent level. Also visible in Fig. 5 is the effect of adding more model parameters in the fit. While the statistical uncertainty on the top-quark mass below 20 MeV can be easily achieved when we use the 2D fit procedure (i.e. mass and width fit only), the uncertainty increases significantly when other parameters (strong coupling or Yukawa coupling) are added to the fit. However, the strong coupling constant is not a "free" parameter, and we have to take into account that it can be constrained from other measurements. This is shown in Fig. 6 , where the top-quark mass uncertainty from the 3D fit (with mass, width and strong coupling as free parameters, as well as normalisation) is plotted as a function of the strong coupling and normalisation uncertainties. To be able to extract the mass with 20 MeV precision, the strong coupling constant has to be known to better than 0.0004 and uncertainty of 0.001 (current world average) would only allow to reach precision of the order of 30 MeV.
CLICdp preliminary Figure 6 . Expected statistical uncertainty on the top-quark mass as a function of the uncertainty of strong coupling constant and normalisation. Results from the fit of mass, width and the strong coupling (3D). Color maps are obtained using a linear interpolation algorithm.
The conclusions change significantly, if we include Yukawa coupling as an additional parameter in the fit. As shown in Fig. 7 (left) , if no constraints are imposed on Yukawa coupling, the top-quark mass can not be extracted with precision better than 28 MeV, even for negligible uncertainties in normalisation and strong coupling (refer also to Fig. 5 ). To be able to extract the mass with precision of the order of 20 MeV, Yukawa coupling has to be constrained from other measurement to about 5% and the strong coupling constant has to be known to better than 0.0003.
As the top-quark pair-production cross section depends on the top Yukawa coupling, the threshold scan data can also be used to constrain its value. We studied the statistical precision of the Yukawa coupling determination from the 4D fit as a function of the assumed normalisation and strong coupling uncertainties. Results presented in Fig. 8 indicate that contribution from the Yukawa coupling can be observed with high significance (above 5σ, i.e. with statistical precision below 0.2). Assuming the normalisation is known at per-mille level and the strong coupling is independently measured to better than 0.0003, statistical precision on the Yukawa coupling of the order of 10% should be feasible. 
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SYSTEMATIC EFFECTS
The systematic uncertainties of the threshold cross section measurements are likely to limit the ultimate precision of the top-quark mass determination. Various sources of uncertainties have been investigated 6 and the combined systematic uncertainties on the top-quark are expected to be in the range 30 MeV to 50 MeV. Here, we estimate the size of systematic effects in the top Yukawa coupling determination from the threshold scan. We repeated the 4-D fit procedure for pseudo-data sets generated with different systematic variations, as discussed in Sec. 3. Results are presented in Fig. 9 . Variation of the renormalisation scale, µ, has a negligible effect on the Yukawa coupling fit results. However, the assumed uncertainty on the background contribution of 2% results in about 15% systematic uncertainty in the determination of the top Yukawa coupling. One can conclude that the systematic effects will be important for constraining the top Yukawa coupling from the threshold scan and should be studied in more detail.
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CLICdp preliminary Figure 9 . Histograms of the fitted top Yukawa coupling from the fits involving all considered model parameters (4D). Different histograms correspond to the pseudo-data sets generated with systematic variations of the renormalisation scale µ (left) and of the background level (right), as indicated in the plot.
CONCLUSIONS
We presented the general approach to the analysis of the top-quark pair-production threshold scan results, which is used to extend the results of the recent CLICdp study. 6 A simultaneous fit of all relevant model parameters and normalisation is performed, taking into account possible constraints from other measurements. Results based on large sets of simulated measurements show that the statistical precision of top-quark mass measurement of the order of 30 MeV can be easily obtained, while reducing this uncertainty further is only possible, if uncertainties on the normalisation, strong coupling constant and the Yukawa coupling are sufficiently low. In particular, to reduce the statistical uncertainty to the level of 20 MeV, the Yukawa coupling needs to be known to about 5%.
Top threshold scan data can be also used to constrain the top Yukawa coupling. Statistical precision of the order of 10% can be obtained, provided the normalisation is known at per-mille level and the strong coupling to better than 0.0003. If this is the case, determination of the Yukawa coupling from the threshold scan data will be limited by theoretical uncertainties and systematic effects.
